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We study the cross-section shape and size effects on the valley splitting in PbSe nanowires
within the framework of empirical sp3d5s∗ tight-binding method. We consider ideallized prismatic
nanowires, grown along [110], with the cross-section shape varying from rectangular (terminated by
{001} and {110} facets) to rhombic (terminated mostly by {111} facets). The valley splitting ener-
gies have the maximal value (up to hundreds meV) in rectangular nanowires, while in rhombic ones
they are almost absent. The shape dependence is shown to be similar for a wide range cross-section
sizes and different point symmetries of nanowires.
I. INTRODUCTION
Lead chalcogenide nanowires (NWs) have a wide range
of possible applications. They can be used as circuit com-
ponents [1, 2], light emitting (detecting) [3, 4] and energy
harvesting [5, 6] devices. Throughout the past decades
a big effort has been made towards experimental NW
growth techniques [7–12]. They include colloidal syn-
thesis [10], solution-liquid-solid [12] methods and even
oriented attachment of lead salt nanocrystals [8]. Nowa-
days it is not only possible to grow a nanowire a few nm
thin [13], but also to control its shape [14–16], size [17]
and growth direction [18]. Nonetheless, theoretical mod-
elling of lead chalcogenide NWs is quite challanging due
to the multivalley band structure and strong intervalley
coupling in these systems. It was shown [19] that the val-
ley splitting can exceed the excitonic exchange splitting,
so the study of the valley splitting is very important to
understand the fundamental electronic and optical prop-
erties of PbSe NWs.
Lead selenide is a narrow direct band gap semiconduc-
tor (0.17 eV [20]) with the band extrema located at four
inequivalent L valleys. In bulk crystal the ground elec-
tron and hole states are eight-fold degenerate by spin and
valley degree of freedom, while in NWs this degeneracy is
removed. There are two main mechanisms that split the
valley multiplets (sets of confined states originated from
different valleys) in PbSe NWs: the mass anisotropy [21]
and the intervalley coupling [22] at the NW surface [23].
The first one is readily incorporated in the k · p and
splits the valley multiplets in NWs only partially [21].
The second one fully removes the valley degeneracy and
can be included in the k ·p phenomenologically [23], but
for careful theoretical description it requires an atomistic
approach [24, 25] as it is very sensitive to the microscopic
structure of the NW [26, 27].
It was shown [27] for cylindrical PbSe NWs and spher-
ical quantum dots [26], that the valley splitting depends
on diameter and the point symmetry of the considered
structure. In this work we also take the shape of the NW
into account. Following the theoretical [28, 29] and ex-
perimental [8] data, PbSe nanowires tend to have faceted
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structure, therefore instead of cylindrical it is more con-
venient to consider prismatic shape of the NWs. For sim-
plicity we consider idealized prismatic wires, carved out
from ideal bulk PbSe crystal. With this approach, the
microscopic structure of NWs is fully determined by the
cross section and the spatial orientation of the covering
prism. Even though the most natural growth direction
of PbSe NWs is [001] [8], we consider [110] as the growth
direction for the following reason: along this axis the two
pairs of the L valleys remain inequivalent [25] which al-
lows us to explicitly evaluate the valley splitting energies
for each pair and study their dependencies on the NW
shape parameters.
Among many atomistic methods we chose the em-
pirical tight binding approach in nearest neighbour ap-
proximation, proved to be useful for many cubic semi-
conductors [30]. The use of the recent parametriza-
tion [26], which accurately reproduces experimental ef-
fective masses in the L valleys and show good agreement
with experiment [31], allow us to study a wide range of
NW sizes and shapes. We neglect the surface passiva-
tion, as the surface states in highly ionic crystals lie far
outside the band gap [22] and there is no need to satu-
rate the dangling bonds [25]. Note, even though the ab
initio methods, such as DFT [32, 33] and GW [34, 35],
are more accurate, complexity and demand in computa-
tional power make them hardly applicable to relatively
large structures (more than a few hundreds of atoms).
In this paper we show, that the valley splitting drasti-
cally depends on the NW shape. The valley splitting is
almost absent in NWs with the surface terminated mostly
by {111} facets and has the maximal value in NWs with
{110} and {001} terminated surface. We also notice that
these are the most stable PbSe surfaces [28, 29]. Despite
the polar nature, the {111} facets are also present in real
systems, especially in colloidal solvents, where they can
be passivated by ligands [33, 36].
II. VALLEY COUPLING IN NANOWIRES
The structure of the valley splittings is easier to analyse
using the perturbative approach [23]. Without the valley
coupling all the L valleys are independent and their en-
ergy spectra are fully determined by mass anisotropy [21]
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2and quantum confinement [37]. The latter we associate
with a set of quantum numbers q, well established for
cylindrical PbSe nanowires [27]. It is important, that
sets of states with a certain q (valley multiplets) are well
distinguishable in the tight binding [27, 38, 39], where
we consider the abrupt NW boundary as a perturbation
that mix the valley states.
For further discussion, we enumerate the L valleys and
corresponding wave vectors k by index µ ∈ {0, 1, 2, 3}
k0 =
pi
a ( 1, 1, 1) k1 =
pi
a (−1,−1, 1) ,
k2 =
pi
a ( 1,−1,−1) k3 = pia (−1, 1,−1) ,
(1)
where a is the lattice constant. In idealized NWs with
translation period T = a(1, 1, 0)/2 two of the valleys, L0
and L1, project on the NW axis to the edge of the NW’s
Brillouin zone (k = pi/T ), while the others, L2 and L3,
to the Γ point (k = 0). Therefore L0 → L1 and L2 →
L3 intervalley scattering processes are independent. In
each of them, the mass anisotropy does not contribute to
the valley splitting, since m∗0 = m
∗
1 and m
∗
2 = m
∗
3 with
respect to the NW axis. Following [26] one may estimate
the matrix element of the intervalley scattering at the
NW surface as
Mµ,ν = C
∑
n
e−i(kµ−kν)RnΦ∗µ(Rn)Φν(Rn) , (2)
where Φ is an envelope function, Rn is a lattice node and
C is a microscopic constant, an intergal over the primi-
tive cell. Despite the deceptive simplicity, evaluation of
the matrix element is difficult as one has to compute the
microscopic constant, exact envelopes and deal with the
spin degeneracy. The spin can not be excluded due to
its strong influence on the PbSe bandstructure. Eq. (2),
however, helps to compare the two L0 → L1 and L2 → L3
scatterings processes. One can show, that the phase fac-
tors, e−i(k0−k1)Rn and e−i(k2−k3)Rn , are the same, which
assumes similar dependencies of the valley splitting on
the microscopic NW structure.
For numerical simulations we use the supercell ap-
proach [40] without accounting for surface reconstruction
and relaxation. We control the structure of NW super-
cells by four integers: size parameter N > 0, shape pa-
rameter M (0 ≤ M ≤ N), and two additional numbers
dN1, dN2 ∈ {0, 1} to adjust the NW symmetry. The NW
supercells are prepared in two steps: first we make a par-
allelepiped consisting of (2N+2+dN1)× (2N+1+dN2)
atomic layers along the [1¯10] and [001] directions. Due
to the periodicity, the supercell is only 2 atomic layers
thick along the translation vector T . Then we form the
NW shape by cutting M {111} atomic layers from the
corners of the parallelepiped along [11¯1] and [1¯11] direc-
tions, as shown in Fig. 1. Below we will refer the NWs
with M = 0 as “rectangular” and the ones with M = N
as “rhombic”.
In total we consider four different NW types with D2h
(I), C2v (II, III) and C2h (IV) symmetries, summarized
in Table I. Note that NWs of type II and III have differ-
ent orientation of C2 axes and the NWs of type IV have
[1¯10]
[001] [1¯11][11¯1]
Pb
Se
M = 0
M = 1
M = 2
[110]
FIG. 1. [110] view onto the NW supercells of type II with
size paramter N = 2 and different shape parameters M . The
supercells with M = 0, 1, 2 are enclosed in red (rectangular),
violet and blue (rhombic) regions. The gray region in the
middle corresponds to the smallest possible supercell of type
II, shown also in Table I. The small RGB arrows show the
xyz tcrystallographic axes.
non symmorphic spatial group. More details on the NW
symmetry is given in Appendix A.
III. RESULTS AND DISCUSSION
In this work we focus on NWs of intermediate size,
where the valley splittings are large enough and the NWs
are not too small. It was shown [27], that the valley
splitting is negligible (compared to exchange energy [19])
in relatively large systems and is the most pronounced for
wires with diatemeters <∼ 50 A˚. Here we limit ourselves
with size parameters 2 ≤ N ≤ 9 corresponding to the
range of NW cross section sizes from ≈ 10 to ≈ 50 A˚.
Regarding the symmetry, the first three types of NWs
are simple. Indeed, the only spinor representations of
D2h (type I) and C2v (II, III) are two dimensional Γ
±
5
and Γ5, respectively [41]. In the D2h NWs, with inversion
center being at cation, consecutive valley multiplets have
opposite parity, therefore the valley multiplets are split
via self-scattering at the NW surface. In the C2v NWs,
the lack of spatial inversion also allows for the valley cou-
pling with high energy multiplets, though this assumed
TABLE I. Four considered NW types and their smallest su-
percells (N = 0). The cation, located at (0, 0, 0) in the bulk
coordinates frame, is marked with “x”.
x x
x x
NW Type I II III IV
symmetry D2h C2v C2v C2h
dN1, dN2 1, 0 0, 0 1, 1 0, 1
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FIG. 2. Valley splitting energies of the L0, L1 ground conduc-
tion multiplet in NWs of type I, II and III as a function of
shape parameter M . Corresponding NW supercells (of type
II) are shown on the right. The size parameter N = 5.
to be negligible. In the C2h NWs (type IV), the spatial
symmetry forbids the splitting of the L0, L1 multiplets
and the main mechanism of the L2, L3 valley splitting
becomes the coupling with high energy states. Detailed
analysis of this case is given below and in Appendix B.
In Fig. 2 we show the valley splitting energies of the
L0, L1 ground conduction multiplet as a function of the
shape parameter M in NWs of the first three types (see
Table I) with the shape parameter N = 5 (approximate
lateral size 25 × 30 A˚). The valley splittings are maxi-
mal in rectangular NWs (M = 0) and almost absent in
rhombic NWs (M = N). These NWs have their surfaces
terminated either by {001} and {110} facets, or mostly by
{111} facets, respectively. The very similar dependence
on the parameter M holds for each N . Even thought the
{111} facets of PbSe are polar, in this work we assume
that this charge is compensated and therefore neglect the
built-in electric field. Note that the NWs of type III have
one extra (1¯10) and one extra (001) atomic planes com-
pared to the NWs of type II, but their splitting energies
of the ground L0, L1 multiplet are almost twice as large.
The type IV is not shown here, as in this case the L0, L1
valley multiplet acquires an extra degeneracy due to the
time reversal symmetry, see Appendix B.
The valley splitting energies of the L2, L3 ground con-
duction multiplet as a function of the shape parameter
M in NWs with N = 5 are summarized in Fig. 3. They
are only about two thirds of the corresponding splittings
of the L0, L1 multiplet, which is mostly due to the mass
anisotropy. Indeed, the L2 and L3 valleys lie within (110)
plane, while the L0 and L1 are tilted towards the wire
axis and therefore have lighter effective in-plane masses,
see (A2). Also note, that there is almost no difference in
splitting energies in the NWs of type II and III.
Now let us turn to the NWs of type IV, shown in right
column in Fig. 3. In these NWs the L2 and L3 ground
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FIG. 3. NW types I, II, III: same as in Fig. 2, but for the
L2, L3 ground conduction multiplet. NW type IV: relative
average valley admixture, (∆ρ2 + ∆ρ3)/2, as a function of
shape parameter M . The size parameter N = 5.
valley multiplet is split via completely different mecha-
nism. Since inversion center in NWs of type IV is located
between atoms (see Table. I), the L2 and L3 valleys have
different parity and can not mix directly. The parity of
an Lµ valley is related to phase factors e
ikµR at lattice
nodes. ForR = ±a(0, 1, 1)/4, positions of the two closest
to inversion center cations, these phases are ∓i for the
L2 valley and 1 for the L3. This implies that L2 (L3)
valley is odd (even) and that the valley coupling in this
case is only possible via far energy states.
−1 0 1
−1.5
−1.0
−0.5
0.0
0.5
1.0
1.5
k2 k3
∆ρ3 = 8.59%
a M = 0
−1 0 1
−1.5
−1.0
−0.5
0.0
0.5
1.0
1.5
k2 k3
∆ρ2 = 12.82%
b M = 0
−1 0 1
−1.5
−1.0
−0.5
0.0
0.5
1.0
1.5
k2 k3
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c M = 5
FIG. 4. kLDOS of the L2, L3 ground conduction multiplet
states in NWs of the type IV. (a) Admixture of L2 valley
state to L3 valley state in rectangular NW. (b) Admixture
of L3 to L2 in rectangular NW, (c) same in rhombic NW.
Red (green) circles show the area used to estimate the local
density ρ2(3) near the L2(3) valley. The size parameter N = 5.
In fact, this possibility is realized and is the most pro-
nounced in rectangular NWs (shape parameter M = 0),
similarly to the valley splittings. To illustrate this, in
Fig. 4 we show the local density of states in reciprocal
space (kLDOS, see Refs. [27, 42] for details). For quan-
titative description of the valley coupling we introduce
“valley admixture”
∆ρ2(3) =
ρ2(3)
ρ2 + ρ3
, (3)
where ρ2(3) is the valley density, integrated over small re-
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FIG. 5. The valley splitting energies of the L0, L1 ground
conduction multiplet in NWs of type II as a funciton of the
NW shape (M) and size (N) parameters. Lines connect data
point with the same M . Each line starts from N = M (in-
dicated by marker) and has a unique combination of color
and style. Inset: average energies of the two lowest energy
valley multiplets in conduction and valence bands in rhombic
(M = N , solid) and rectangular (M = 0, dashed) NWs as a
function of their size parameter N .
gion near the L2 (L3) valley shown by red (green) circles
in Fig. 4. One can see that the valley admixture in rect-
angular NWs is much higher that in rhombic ones. The
value ∆ρ3 in rhombic NW (M = N = 5) is 0.11% and
the corresponding kLDOS is not shown in Fig. 4. The
density distributions near the main peaks in Figs. 4a–
4c are s-like (correspond to the ground multiplet), while
distributions near the secondary peaks in Figs. 4a and 4b
are d- and p-like, respectively. It proves that the admixed
states belong to different valley multiplets. Note, for con-
venience in Fig. 3 we show the average valley admixtures
(∆ρ2 + ∆ρ3)/2 for the NWs of type IV.
Before we discussed NWs with the size parameter N =
5 (ten atomic layers along the [001] and [1¯10] directions).
Next, in Figs. 5 and 6 we show both size (N) and shape
(M) dependencies of the valley splitting. We show the
data only for the NWs of type II, since the others behave
very similar. We vary the size parameter N from 2 to 9
so the lateral size of NWs changes from 11 × 12 A˚2 to
41 × 55 A˚2 along the [1¯10] and [001] axes respectively.
In order to highlight the shape and size dependencies,
in Figs. 5 and 6 we connect data points with the same
parameter M by color lines (solid red for M = 0, dashed
blue for M = N). For each size parameter N , the shape
parameter M satisfies 0 ≤M ≤ N , therefore each line in
Figs. 5 and 6 starts from N = M . The starting point of
each line (except for M = 0 and M = N) is indicated by
marker.
Fig. 5 shows the valley splitting energies of the L0, L1
ground conduction multiplet. Inset shows the average
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FIG. 6. Same as in Fig. 5, but for L2, L3 multiplets.
energies (without the valley splitting) of the two valley
multiplets with lowest energies in conduction and valence
bands in rectangular (M = 0, dashed lines) and rhombic
(M = N , solid lines) NWs as a function of size parameter
N . Average energies of the ground conduction multiplet
are additionally indicated by color to match the main
plot (red for M = 0, blue for M = N). Note, that the
rhombic NWs exhibit larger confinement energies than
their rectangular counterparts, while the valley mixing
in rhombic NWs is strongly suppressed.
The same data for the L2, L3 ground conduction mul-
tiplet is shown in Fig. 6. We do not discuss it in details,
but mention, that all the size and shape dependencies
of the valley splitting (coupling) are almost the same,
except for their absolute values. Therefore we conclude,
that the shape induced suppression of the valley splitting
in NWs is rather a physical phenomena.
IV. CONCLUSION
We studied the valley splitting in [110]-grown
nanowires with different size, shape and symmetry. We
demonstrate, that the valley splittings substantially de-
pend on the NW shape, for particular case of prismatic
octagonal NWs which is determined by relative fraction
of {001}, {110} facets compared to {111} facets at the
NW surface. The values of valley splittings are large, up
to 100 meV in NWs about 5 nm diameter. The splittings
tend to have maximal values in rectangular NWs ({001}
and {110} facets at the surface) and are almost absent in
rhombic NWs (mostly {111} facets at the surface). This
result holds for a wide range of NW sizes and different
point symmetries.
We also found a special type of NWs with non symmor-
phic spatial group, where L0, L1 valley multiplets become
fourfold degenerate and the splitting of L2, L3 multiplets
is due to the intervalley coupling via far energy states
5Results of this work, except for the absolute values of
the valley splittings, also apply for PbS and PbTe, due
to the very similar band structures of these materials.
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Appendix A: Microscopic wire structure
PbSe has the rocksalt crystal structure with
a1 =
a
2
(1, 0, 1) , a2 =
a
2
(1, 1, 0) , a3 =
a
2
(0, 1, 1)
(A1)
lattice vectors, where a = 6.1 A˚ is the lattice con-
stant [26]. Reciprocal lattice vectors are conveniently
related with the L valleys 1 as bµ = 2kµ, µ = 1, 2, 3.
With the used tight binding parametrization [26] the
first conduction band effective mass ratios along the
[1¯10], [001] and [110] directions (xyz NW axes) are
m
[1¯10]
0(1)
m
[1¯10]
2(3)
= 0.74 ,
m
[001]
0(1)
m
[001]
2(3)
= 1 ,
m
[110]
0(1)
m
[110]
2(3)
= 1.36 ,
(A2)
where mnµ(ν) denotes the effective mass along n of the
first conduction band electron at the Lµ(ν) valley.
The first three NW types, see Table I, have D2h, C2v
and C2v point groups, respectively. Their symmetries
are determined by orientation of C2 axes and the posi-
tion of the point symmetry origin relative to the (0, 0, 0)
cation, marked by “x” in Table I. NW type I has inversion
center, three Cx2 , C
y
2 , C
z
2 rotation axes (in the NW coor-
dinates frame) and three corresponding reflection planes
σxv , σ
y
v , σ
z
h. NW type II has C
x
2 rotation axis and σ
y
v , σ
z
v
reflection planes with the point symmetry origin being
at a(−1, 1, 0)/8. NW type III has Cy2 rotation axis and
σxv , σ
z
v reflection planes with the point symmetry origin
being at a(0, 0, 1)/4.
NW type IV has non symmorphic spatial group with
C2h point symmetry. We use a(−1, 1, 2)/8 point (rela-
tive to the (0, 0, 0) cation) as the point symmetry origin,
which results in the following quotient group{
e, a =
(
Cz2 ,
a3
2
)
, b = (σzh,0) , ab =
(
i,
a3
2
)}
. (A3)
Note, that this is not the only possible, but is the most
convenient way to choose the point symmetry origin.
Appendix B: Symmetry analysis
Symmetry analysis for the first three NW types is triv-
ial and therefore omitted. Instead, we focus on the NW
type IV to describe the absence of the valley splitting in
L0, L1 valley multiplets.
Following ref. [43], we use projective representations
to classify the states of L0, L1 valley multiplets, because
these valleys project onto the edge of the NW Brillouin
zone. In C2h there are two projective classes: K0 and K1.
Class K0 has only one dimensional (vector and spinor)
representations [41], while in K1 there is only one two-
dimensional representation P (1).
Since the L2, L3 valleys project onto the Γ point, states
of the L2, L3 multiplets belong to the class K0 and can
be classified according to ref. [41]. States of the L0, L1
valley multiplets belong to the class K1, and therefore
transform according to P (1). Indeed, the factor system
ωk(g1, g2) = e
i(k−R−11 k)τ2 (B1)
on elements (A3) with k = k0 or k1, (1), has the form
ωk0(1)(a
kbp, ak
′
bp
′
) = α(pk
′) α = −1 , (B2)
which is the standard form for the class K1 [43]. Note,
since all τ ‖ [110], the factor system depends only on
projection of the wave vector k onto the NW axis.
Next we consider time reversal symmetry by means
of Herring criterion [43, 44], which is about relation of
ψ and Tˆψ, where Tˆ is the time reversal operator. The
criterion reads as a sum over quotient group
1
h
∑
g∈G/T
χ(g2) =

K2 , (a)
0 , (b)
−K2 , (c)
, Tˆ 2 = K2Iˆ . (B3)
There are three options: ψ and Tˆψ are (a) llinearly de-
pendent, (b) linearly independent and tranform accord-
ing to conjugate representations or (c) equivalent repre-
sentations. In cases (b) and (c) time reversal symmetry
leads to additional degeneracy of states.
The fact that the factor system for L0, L1 multiplets,
eq. (B2), has the standard form, allow us to use the ex-
plicit form of generator matrices a = σz, b = σx for P
(1)
representation from ref. [43]. With generators matrices
the sum (B3) for L0, L1 states is easily evaluated
2 + Tr(σ2z) + Tr(σ
2
x)− Tr(σ2y)
4
= 1 = −K2 (B4)
and we see that the case (c) is realized. Here K2 = −1
due to the antiunitary nature of time reversal operator
Tˆ for spinors. Therefore the states of L0, L1 multiplets
are fourfold degenerate.
Note, that for L2, L3 states, the case (b) is realized, so
all the states of L2, L3 multiplets are twice degenerate.
We also note, that evaluation of the sum (B3) in this case
is much simpler using the double group approach [41],
instead of projective representations theory.
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